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The problem of a macroscopic description of the dynamics of an elastic compo-
site medium without using assumptions concerning the uniformity of the mean
stress-strain states, the magnitudes of the fluctuations and the statistics of the
medium parameters [1] is considered. Operator relationships between the mean
stress and strain fields allow the application of operator algebra which is well
developed in creep theory [2]. It is shown that a quasistatic (matrix) part of the
elastic operators, calculated by the method of replacement of variables, yields
exact values of the elastic moduli of the composite, where the equations obtained
are analogous to the self-consistent field equations [3 — §]. The interrelation
between the mean dimensions of the inhomogeneities and the lengths of the in-
cident and scattered waves is investigated for a specific correlation function,

Analytical computational formulas for the elastic moduli of composite media
have been obtained in [3 — 5] on the basis of classical solutions and the self-
consistent field method. Exact formulas for the stochastic model have first been
obtained in [6] on the basis of astrongly isotropic model, and on the basis of an
equivalent singular approximation in [7]. The derivation of exact formulas re-
quires homogeneity of the mean stress-strain states and summation of infinite
sequences of the perturbation series (operators, in the general case) in the cases
considered,

The method of replacing the field variables by their polarized values tums
out to be equivalent to a partial summation of definite kinds of Feynman dia-
grams, It is established by a direct computation on the basis of the compatibility
equations that the macroscopic moduli determined by the equations obtained
are exact, A direct analytical comparison with formulas presented in {7, 8] is
possible for two-phase composites; numerical computations for certain poly-
crystals of cubic symmetry yield the same values as the formulas in {6].
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Finding dispersion relations for composite media in the general case requires
taking account of spatial dispersion, which is equivalent to an exact calculation
of the eigenvalues of the polarization and elastic operators. A computation of the
single- and two-point approximations by means of the polarization tensor results in
summation of sequences of all single- and two-point moments of the elastic para-
meters. Reduction of the calculation procedure to Weber-Schafheitlin integrals
[9] imposes no constraints on the wavelength band for the correlation function se-
lected, which will permit establishment of the discontinuous nature of the disper-
sion formulas. We obtain the long- and shortwave asymptotics (neglecting spatial
dispersion) by using a plane-wave approximation of the Green's tensor and taking
account of the first approximation in the parameter ak <€ 1 and ak > 1, respec-
tively.

1. The dynamics of a composite elastic unbounded medium with a harmonic depen-
dence of the field variables on the time is described by the equations

Lu=0, L =0Ad+ po? (.1

where @ is the frequency, p, is the density, A is the elastic modulus tensor, dependent
in a random manner on the space coordinates, The connection between the stress and
strain is determined by the relationships

o = Ae, e;,; =" (Ui + uj) (L.2)

In the general case, we write the connection between the mean stress and strain fields
in the operator form

pe (6) =<Aed = N*(e) = SA* (x — 1) e (z4)) dz, (1.3)

Taking account of the relationships (1. 1) — (1. 3), we obtain that the mean displacement
fields satisfy the equations

L* (uy =0, L* = 0N*0 + poo’® (1.9)

An investigation of the existence conditions for the mean fields as plane waves €= (or
in their expansions) results in analysis of the relations

| & IT* (0, k) k — pgo? | = 0 (1.5)

Here II* are the eigenvalues of the elastic operator, which when known permits finding
the wave damping velocity and coefficients [10], where in the general case spatial dis-
persion due to inhomogeneity of the medium holds. The procedure to obtain the relation~
ships between the mean stresses and strains usually results in series in powers of the ten-
sor A, Consequently, the constraint by the scope of the correlation approximation in A
generally assumes smallness of the elastic parameter fluctuations,

Let us introduce an equivalent auxiliary homogeneous body with the parameters A,
Q¢ into the considerations, for which the equations of motion are

Loug =0, Loy =0\ + po Gh

We determine the elastic moduli A, of the auxiliary body from the conditions presented
below, Subtracting the equations of motion of the homogeneous medium from (1, 1),we

obtain Lo = 0Mdu, N =A—RNy, u =u=—u

Let us pass from the differential to an equivalent integral equation
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U = Uy — S G (x — 2,) OA' (2,) Ou (24) dz,y

Transferring the derivative under the integral sign and differentiating both sides of the
relationship, we obtain an integral equation in the strain

€ =gy — SG, xx (T — 2y) A’ (21) e (zy) dzy

Here G,,, is the second derivative of the dynamical Green's tensor of the auxiliary
medium with parameters A,, p,. Representing the derivative of the Green's tensor as
the sum of singular and regular parts, we go over to polarized variables [5, 11] by means
of the formulas [12]

E=RBe, y=ABl, B=1%+ GO\’ (1.6)
Here A, is the elastic modulus tensor of the homogeneous auxiliary medium, [ is the
unit tensor, G(*) is the singular part of the second derivative of the dynamical Green's
tensor, and Y is the polarization tensor.

We obtain from (1. 1) — (1. 6) that the polarized strain field satisfies the integralequa-
tion R)
E = €y — S G( (1‘ — xl) e (.’El) E (.’El) dx1 (1. 7
where G®) is the regular part of the second derivative of the dynamical Green's tensor.
Solving (1.7) by successive iterations, we obtain an operator series in powers of the po-
larization tensor y. Physically, the assumption of statistical homogeneity and isotropy
of the medium is natural

iy =0 (1.8)

Condition (1. 8) assures the best convergence of the perturbation series, Taking the ave-
rage of the series obtained while taking account of (1. 8), we verify directly that KEY
will be a solution of the integral equation

(B> = e+ {6 (2 — 29) Q (&1 — &) CE (20) day dy (L9

Here the operator ) is determined by a series of integral operator convolutions whose
kernels are expressed in terms of regular parts of the second derivatives of the Green's
tensor and the moments of y.

On the other hand, taking the average of (1. 7), we can write

(EY =¢y— SS G®) (z — 1) T* (23 — Za) E (%)) dizy dp (1. 10)
Here the kernel I'* is introduced by the relationship
({E> = P* (Ey = \T* (& — =) <E (@) do (1 11)
Equating the relationships (1. 9) and (1. 10), we obtain
M*(z—z)=—0Q (x — z) (1.12)
Taking account of (1. 11) there follows from (1. 6)
CdoyT* (2 — 2) |1 + 69 ({dmd* (21 — ) — Ao)]Ce@)> = (1.13)

[§ dzts® (2 — 20) — Ao e (@
The relationships (1. 13) permit the eigenvalues of the elastic operator IT* (0, k) to be
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expressed in terms of the eigenvalues D* (@, k) of the polarization operator P*
M* = Ay + M'D*, M =1 — G®D* (1. 14)

Applying the inverse Fourier transform to {1, 14), we obtain an expression for the kernel
of the elastic operator A* (x — z;) in terms of A, and the kernel 1'* (x — x;) of
the polarization operator

A* (@, p) = Ao + (20)® \dk eied 2 (@, k) T* (0, k) (1. 15)

Here A, is the exact value of the static elastic moduli determined from (1. 8).
In fact, by performing analogous calcu-
7.0 7z 5 lations on the basis of the dynamical com-
patibility equations in the stresses, we ob-
tain an equation in Ao from the condition
analogous to (1. 8) for the stress polariza-
// tion tensor, which agrees with the equations
for Ay, obtained on the basis of the equa-
tions of motion in displacements, The se-
cond term in (1. 14) and (1, 15) is due, in
the general case, to the operator nature
of the connection between the mean stress
and strain fields in inhomogeneous media.

2.5 »
Fig. 1

2. Let us examine the relationships
which A, satisfy for single-phase polycrystals with cubic symmetry, Taking account of
(1. 6) it follows from (1. 8)

8G3, + G (9K, + 4uv) — 3Gon (Ko + 4pv) — 6K uPvy =0 (2.1)

2c c €y — ¢
K0:<K>: 12;“11’ V == '1'120“—"’12 y B = Cyy

Here (35, K, are the macroscopic shear and volume elastic moduli, and v is the ani-
sotropy parameter. Equation (2. 1) agrees with the Kroner equation [3, 4] obtained by a
consistent method and determines the exact value of G, since we obtain the same equa-
tion when using the Reuss scheme. A graph of the dependence & = Gyu~! on v is re-
presented in Fig. 1 for different values of ¥ = Kop~".

Let us consider a two~component elastic composite with isotropic components, Inthis
case the relationships (1. 8) result in the equations

8G3, — G2 (20 (G> — 9K, — 12 (G, + Gy)] — (2.2)
3G, [5K, (G> — 2K S, + 4G,G;) — 6K GG, = 0, (Ko —
CKY)(# 3Gy 4 Sy) + B (0) == 0

which can also be converted into

R, O R_(0)
= — = _ B
Go - <G> - mo + Sg * KO - <K> 4/300—*' Sk (2. 3)
Go (15K 4 8Gy)

my = 6K, + 29’ S; =61y +efy
6 +ec=1, R; (0) = ¢yep (fy — f2)?
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Equations in the form of (2, 2) have been obtained [5] on the basis of the self-consistent
field method, and in the form of (2. 3) in [8]. The relationships (2. 3) and (2.2) deter-
mine the exact values of the elastic moduli, as is verified by a direct computation on
the basis of the compatibility equations,

1.7
z
075 Il <
VL,
,Z, . /f/
2 /7/,
Z
/://
a5
g 45
Fig. 2 Fig. 3

Shown in Fig. 2 is the dependence of x = G,G-!, on the concentration ¢ = ¢, by
solid lines for & = GG, = 0.5, B = K,G-'; = 0.1 and by dashed lines for
o = 0.5, = 1.7. The dependence of ¥ = K,G™!; on ¢ = ¢, is shown in Fig. 3
for the same values of . &, f, §. Values of the parameter § = K,G!; equal to
0.1, 0.9, 1.7 correspond to curves 1—3 .

Let us note that the usual assumptions about the homogeneity of the mean state of
stress-strain were not used in obtaining (1. 8), (2. 1),(2. 2),(2. 3) and no assumption was
introduced relative to the statistics of the field of elastic coefficients except the usual
hypotheses of statistical homogeneity and isotropy.

8, The discontinuous nature of the dispersion relations for wavelengths on the order
of the characteristic scales of the structure in a phenomenological model will hold if
the eigenvalues of the elastic operator I1* {@, %) in (1.5) depend on % nonuniquely.
The exact expression for D* (@, &) in (1. 14) is evaluated for the comelation function
K @)y (22)) = R (0) ap~! sin pa~! (a is the radius of correlation) by means of

the formula D* (0, k) = S T* (@, p) e~ dp 3.1

Going over to a spherical coordinate system in (3. 1), we integrate with respect to the
angles, We convert the expressions obtained to Weber-Schafheitlin integrals [9], whose
values depend on relationships between @ and . .

In the case of strong anisotropy of the field A for 'y (0, p) by means of (1. 12)
in the correlation approximation in y and for D¥*;,, (@, k) by means of (3. 1), we ob-
tain expressions in the form of isotropic tensors

K () = K1 (7)) 84000 + Ko (e Badjr + 6udi) +
K3 (JT]) (Bnjexer + Oienes) + Ks (7)) (Binex + Sjxener +
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8rueier 4 Sueser) + Ko (| T entiener, € =T|¢[™
In this case expressions dependent on six functions are obtained for A* (p) and N* (o,
k) by means of (1, 15) and (1. 16). The strong isotropy of N* (0, k) (N*; = N,* =
N*; = Ng* = 0) corresponds to the strong isotropy of D* (0, k) (D*; = D,* =
D*, = 0). In the general case we can write (Jy (z) is the Bessel function)

oo

Dru (@, ) = SR {{ 7. [ (2= — #) 0] Ju (eo) o2 o} -+
0

SRS [ (= ki)e] T (ko) 0 do} +

oo

S {S J, [(—2—+k,) p]J*L(kp)p"dp}, m=1,. 35

Here Snu {1p;}° are sums of integrals of the type 1, which depend on the relationship
between % and 1/a &k, (@ = I, ). Let us introduce a notation for the integrals:
Sp® = S- for k<< 1/a & kg; Sp® = Su®® for k = 1/a + ky; Sp® =
St for 1/a &= k, << k. We then obtain the following cases for D*m (@, k):

1°. 1/a—k,>0.

1) k<1/a—Fk, Dy = S;0 + 8§79 4+ 5,9 4 5,9
2 k=1/a—k, D = S0 + 8;® 4+ 5,9 4 §;@
N 1ja—k<k<l]a—k Dip=_58"+85® 484859
B k=1/a—k Dy = SV 4+ 5,0 4 5,0 4 ;@
5 1/a—k<k<Ai/a+k D=8+ 8+894 5@
6) k=1/a+k Dy = Si® + §5® 4 57® 4 5@
Nijat+k<k<Aja+k Dpn=358®+ S+ S5 4 SO
8) k=1/a+k, Dy = SED 4 S0 4 §H® 4 5@
N1jatk <k Dl = SHY L §H® 1 gHe) L gH®

2°. 1/a — k; << 0. Then we take the value z = k, — 1/a >> 0 as the argument
in the expression V2z/aJ 1. (2)
4P

in the formulas for §,,(1), and we take the sign before the J,, (z) opposite to the sign
in the case 1° (z = 1/a — k, >> 0). Changes in the formulas will occur only for the
subcases (1) — (4).
3°. 1 /a — k; << 0. Analogously to case 2° we change the argument and sign in

the expressions for J41, (z) and we introduce corresponding changes in formulas (1)—
(4).

The remaining expressions for D, * are analogous to case 1°,

The values for §,,() evaluated by means of the Weber Schafheitlin formulas [9]
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are expressed by the hypergeometric function F (&, f, vy; 2). The argument z in
the expressions for S,,~(® equals & (1/a = kg)~*, and correspondingly (1 /a +
ko) k71 for Sp*® , while ambiguity of Dy* (0, k) holds for z = 1. Substituting
Dp.* (o, k) into (1. 14) and (1. 15), we determine the exact dispersion relations from
which the wave velocity and damping can be found [10],

Neglecting spatial dispersion, using the plane-wave approximation of the Green's ten-
sor (the scattered field is studied far from the scattering elements) for long ak <1
and short @k >1 waves, and assuming the smallness of the fluctuations of the elastic
parameters of the medium (A, = A, TI* = Ay -+ D¥), we obtain expressions
analogous to those in [10].

The authors are grateful to Iu. N, Rabotnov for valuable and useful remarks made du-
ring discussions of the research,
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